
A P P R O X I M A T E  C A L C U L A T I O N  O F  T H E R M O E L A S T I C  

S T R E S S E S  U N D E R  N O N S T A T I O N A R Y  C O N D I T I O N S  

P. V .  T s o i  UDC 539.377:536.49 

An ana ly t i ca l  me thod  of ca lcu la t ing  t h e r m a l  s t r e s s e s  fo r  mixed  boundary  condi t ions  of the 
second and th i rd  kind is p r o p o s e d .  P r o b l e m s  a r e  so lved  fo r  a r b i t r a r y  t i m e - v a r i a t i o n s  of 
the t e m p e r a t u r e  of the a m b i e n t  m e d i u m .  

An e f fec t ive  a p p r o x i m a t e  me thod  of ca lcu la t ing  t h e r m a l  s t r e s s e s  under  n o n s t a t i o n a r y  condi t ions  is 
p r o p o s e d ,  which even in the f i r s t a p p r o x i m a t i o n  is  m o r e  a c c u r a t e  than the so lu t ions  ob ta ined  in [4]. The 
d e t e r m i n a t i o n  of the t e m p e r a t u r e  f ield is ba sed  on the use of in tegra l  t r a n s f o r m s  in c o m b i n a t i o n  with v a r i a -  
t ional  me thods  [5, 8]. 

P l ane  Wal l .  The t em: ;~ ra tu re  d i s t r ibu t ion  in an unbounded pla te  of th i ckness  R for  m i x e d  boundary  
condi t ions  of the second  and th i rd  kind 

T(x, O ) = T  O , - - ) ~ x  ~=o =qh( t ) '  /Oxx - - h  [% (t) -- r (x, t)] z=n 

in the Lap l ace  t r a n s f o r m  doma in ,  is sought  among  funct ions of the f o r m  

T;([ ,  p)=q~;(p)  ' q~x(P)R ~ - -  +a, (p)  ~ - -  Bi4-2 
-t- -- ~ Bi - B---~ -t- a~+, (p) [~(k-l)(1 - -  . (2) 

k = l  

The coef f i c i en t s  ~ (p), a~ (p) . . . . .  a~(p) fo r  which e x p r e s s i o n  (2) s a t i s f i e s  bes t  the h e a t - c o n d u c t i o n  equa t ion  
a r e  d e t e r m i n e d  by the B u b n o v - G a l e r k i n  method  [5, 8]. Af t e r  ca lcu la t ing  these  coef f ic ien t s  and p a s s i n g  to 
the doma in  of i n v e r s e  t r a n s f o r m s ,  we obtain  the a p p r o x i m a t e  t e m p e r a t u r e  f ie ld .  

In the f i r s t  a p p r o x i m a t i o n ,  f o r  a r b i t r a r y  boundary  condi t ions ,  the t e m p e r a t u r e  can be wr i t t en  in the 
f o r m  

whe re  

T([ ,  Fo, Bi) = qh(Fo) 4 q% (Fo)L R (~ B i + l  ) - ] -al (F~ ( ~ ' 2 B i  Bi q- 2 ~ (3) 
Bi ] 

a I (Fo) = . D (Bi_____~) 
2 

/% (Fo) R --C(B:) { ~ 

Fo 

S ~2 (Fo*) exp [ - -  D (Bi) (Fo - -  Fo*)] d Fo* 

0 

Fo 

D (Bi) a ; 
~R % (Fo*) exp [ - -D (Bi) (Fo - -  Fo*)] d Fo*; 

0 

(4) 

4'2(Fo) is the i n v e r s e  t r a n s f o r m  of * P~2 (P) - T 0 ;  ~ = x / R ;  

5Bi (Bi + 3) 5 (5Bi 2 + 20Bi +24) 
D(Bi)= ; C(Bi)= 

2Bi2+ 10Bi-F 15 16 (2BP+ 10Bi -k 15) 
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Fig .  1. Maximal  t h e r m o e l a s t i c  s t r e s s e s  at the plate  su r f ace  for  Bi = 1 (a), 
4 (b), ~ (c). Solid c u r v e s  c o r r e s p o n d  to exac t  ca l cu la t ions ,  dashed  c u r v e s  
to da ta  [4], points  to f o r m u l a  (9). 

F ig .  2. Changes  in the r e l a t ive  t e m p e r a t u r e  0 (1, Fo) and s t r e s s  a at the 
p la te  su r f a c e  in the case  of h a r m o n i c  f luctuat ions  of the ambien t  t e m p e r a -  
tu re  (Pd = 2). N u m b e r s  at  the c u r v e s  denote the vaIues  of the Bi n u m b e r .  

The t e m p e r a t u r e  ca lcu la ted  f r o m  fo rmu la  (3) for  qot(t ) = - q  = cons t ,  q0z(t) = T c = T O is in s a t i s f a c t o r y  
a g r e e m e n t  with the exac t  solut ion for  Fo --> 0.1 [8]. 

Since the t h e r m a l  s t r e s s e s  at the su r f ace  of an e l emen t  s i tua ted  in a fluid (hea t - t r an s f e r  agent) ma y  
be n o r m a l l y  c o n s i d e r e d  as  the g r e a t e s t  t h rea t ,  we shal l  ca lcula te  the tangent ia l  s t r e s s e s  at the plate  s u r f a c e .  

A c c o r d i n g  to [3], the t h e r m o e l a s t i c  su r f ace  s t r e s s e s  for  a plate can be d e t e r m i n e d  f r o m  the f o r m u l a  

-a = a T E -  [7" (Fo) - -  Tst], (5) 
1 - -v  

where  
1 

"F (Fo) = ,f T (~, Fo) at. 
0 

F o r  an exponent ia l  d rop  in the t e m p e r a t u r e s  of the med ium and the t he rma l  insula t ion of  the o ther  wail 

% (t) = 0, % (t) -= T O - -  AT [1--exp (--  mt)] = T o - -  A T  [1-- exp (--  PdFo)] (6) 

f r o m  solut ion (3), we obtain 

T(~, Bi, Fo, Pd) = To - -  AT [1--  exp (-- Pd Fo)] 

D(Bi) PdAT {exp(- -PdFo)--exp [--D(Bi)Fo]} ( B i + 2 )  
+ 2 [D (Bi) - -  Pd] , Bi ~2,. (7) 

The re l a t ive  s t r e s s  can be r educed  to the f o r m  

_ a ( 1 - -  v) D (Bi) Pd 
A T E %  -- 3 [D (Bi)-- Pd] {exp ( - -  PdFo) - -  exp [ - -  D (Bi) Fo]}. 

By d i f fe ren t ia t ing  with r e s p e c t  to Fo and ana lyz ing  for  m a x i m a ,  we obtain 

D 

Omax - -  3 " ' 

(8) 

(9) 

to which c o r r e s p o n d s  the d i m e n s i o n l e s s  t ime 

Fo, = [ln D (Bi) - - I n  Pd] [D (Bi) - -  Pd]-1. (10) 

Solutions in a f o r m  s i m i l a r  to (8)-(10) w e r e  obtained in [4], with the only d i f f e rence  that the quant i ty  

3Bi cp (Bi) -- 
3 +  Bi 

was  subs t i tu ted  for  D(Bi). 

89 



0St 

-o/  

~ 3  

-o,5 

72i \\" p'/ 

a + "  2"~. .  

0 0,4 0,8 1,2 1,6 Fo 

F i g .  3 

dma x - - - -  

o,5 .! / ,5- \  

o,~ --~ 
o,3 

~2 

o,i 

/f=4 
i 

t r 
i 
I 

4' a 12 / f  Pd 

F i g .  4 

Fig. 3. Changes in the relative temperature 0st and stress ~q) at the inside 
surface of the tube for a linear drop in the temperature of the medium over 
a f in i te  i n t e r v a l  of t ime  Fo T = 0.5. Sol id  l i ne s  c o r r e s p o n d  to Crqo, d a s h e d  
l i n e s  to 0s t .  The n u m b e r s  a t  the c u r v e s  a r e  v a l u e s  of B i .  

F i g .  4. Value of Crma x a t  a n o n i n s u l a t e d  tube s u r f a c e  fo r  Bi  = 4, the t e m -  
p e r a t u r e  d r o p  of the m e d i u m  a c c o r d i n g  to an  e x p o n e n t i a l  l aw .  Sol id  l i n e s  
c o r r e s p o n d  to c a l c u l a t i o n s  fo r  the f lu id  f low ins ide  the tube ,  d a s h e d  l i n e s  
to c a l c u l a t i o n s  fo r  e x t e r n a l  hea t  t r a n s f e r .  

F i g u r e  1 shows  the s t r e s s e s  c a l c u l a t e d  f r o m  f o r m u l a  (9) fo r  Bi = 1, 4, ~,  and Pd  n u m b e r s  r a ng ing  
f r o m  0 to 20. The  f i gu re  a l s o  shows  the r e l a t i o n s  -~max = f(Bi,  Pd)  ob ta ined  f r o m  an e x a c t  so lu t ion  and f r o m  
an a p p r o x i m a t e  f o r m u l a  [4]. The  c o m p a r i s o n  d e m o n s t r a t e s  the high a c c u r a c y  of  the me thod  p r o p o s e d .  
S i m i l a r  r e s u l t s  a r e  ob ta ined  when F o ,  i s  d e t e r m i n e d  f r o m  f o r m u l a  (10). 

In h e a t - c o n d u c t i o n  t h e o r y  it is  known that  the t i m e - v a r i a t i o n  of the t e m p e r a t u r e  f i e ld  in a p l a t e  fo r  
b o u n d a r y  cond i t i ons  of the t h i r d  k ind  is  d e s c r i b e d  unde r  r e g u l a r  c ond i t i ons  by an  e x p o n e n t i a l  funct ion  wi th  
the  exponen t  p~Fo,  where/~1 is  the f i r s t  ( s m a l l e s t )  r oo t  of the equa t ion  

ctg ~ -- ~ 
Bi 

In the a p p r o x i m a t e  so lu t i on  (7), the r a t e  of s t a b i l i z a t i o n  is D (Bi). When  the Bi  n u m b e r  v a r i e s  f r o m  
0 to 1, the d i f f e r e n c e  be tween  D(Bi)  and ~t~ does  not  e x c e e d  0.08%. F o r  1 -< Bi  -< 10, the va lue  of D(Bi) is  
g r e a t e r  than that  o f ~  2 by not m o r e  than 1%, and fo r  10 - Bi  -< ~ ,  by not m o r e  than 1.3%. Consequen t ly ,  one 
m a y  p r o p o s e  the fo l lowing  c o m p u t a t i o n a l  f o r m u l a  

5 (Bi ~ + 3Bi) (11) 
m~ = bt~ = 2BP+ 10Bi § 15 

This  e x p r e s s i o n  p r o v i d e s  an a n a l y t i c a l  r e l a t i o n s h i p  be tween  the c o e f f i c i e n t  m 0 ( ra te  of cool ing)  and the Bi 
n u m b e r  fo r  r e g u l a r  cond i t i ons  [1]. 

In [4], the r a t e  of coo l ing  i s  e x p r e s s e d  by q)(Bi). F o r  1 -< Bi ~ 10, the va lue  of q)(Bi) e x c e e d s  that of 
//~ by 13%. F o r  Bi  = 0% the m a x i m u m  e r r o r  is  21%, i . e . ,  wi th  i n c r e a s i n g  Bi  n u m b e r ,  the funct ion q0(Bi) d e -  
v i a t e s  a p p r e c i a b l y  f r o m  the va lue  of t/~. At  the s a m e  t i m e ,  the m a x i m u m  e r r o r  of D(Bi) fo r  Bi = oo i s  m e r e l y  
1.3%. Thus ,  r e p l a e i n g  qo(Bi) by the funct ion  D(Bi) would i m p r o v e  the a c c u r a c y  of the f o r m u l a s  p r o p o s e d  in 
[4] f o r  c a l c u l a t i n g  t h e r m a l  s t r e s s e s .  

F o r  h a r m o n i c  t e m p e r a t u r e  f luc tua t ions  of  the a m b i e n t  m e d i u m  and the t h e r m a l  i n su l a t i on  of the o t h e r  
wa l l  

qh (t) = 0, q)2 (t) = T O + AT sin o)t = T O + AT sin (Pd Fo) (12) 

so lu t ion  (3) r e d u c e s  to the f o r m  

T (~, Fo, Bi, Pd) --  To § AT sin (Pd Fo) 

+(Bi§ A  tBi)cos%2 /si,%oxpI-- (Bi)Fo]-sin(Pd o§ /13) 
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where  
D (Bi) a 

sin % - -  m _ cos % - - ~  Pd=r176 m - -  R 2 
| (o2-}-tn ~' t 0)~-~-m ~' a ' 

The the rmoe las t i c  sur face  s t r e s s  of a plate heated by the ambient  medium by a harmonic  law is de -  
t e rmined  f rom the fo rmula  

~ _  a(1- -~)  D(Bi)cos% {sin%exp[--D(Bi) Fo]- -s in(PdFo+%)}.  (14) 
EaTA T 3 

By differentiating (14) with respect to the parameter Fo and equating to zero, we obtain 

Pd 
D(Bi)exp[-- D(Bi) Fo] sin% cos(PdFo + %). (15) 

By solving graphica l ly  the t ranscendenta l  equation (15) for  given values of Bi and Pd,  we obtain the moment  
of t ime Fo ,  to which co r re sponds  the m a x i m u m  s t r e s s .  Figure 2 shows the changes in the re la t ive  t e m p e r a -  
ture 0(1, Fo, Bi, Pal) = (T (1, Fo) - T0)/AT and inthe s t r e s s  ~ calculated f rom fo rmulas  (13) and (14) for Pd = 2 
and Bi = 2, 10, ~o The the rma l  s t r e s s e s  and the t empe ra tu r e  changes over  the ent i re  thickness of the plate 
can be analyzed on the basis  of solution (13). 

It is noteworthy that solutions of such p rob l ems  for  the boundary conditions (12) find p rac t i ca l  appl i -  
cat ions in the study of the rma l  s t r e s s e s  in la rge  concre te  blocks (for example  in dams)  exposed to diurnal  
va r i a t ions  of the a i r  t e m p e r a t u r e  [6]. 

Solid Cyl inder .  The rad ia l  and tangential  s t r e s s e s  a re  de te rmined  f rom formulas  [2] 

E% I f (R, t ) - - ?  (r, t)], (16) 
at-- 2 (1 - -v )  

E% IT(R, t)+T(r, t)--2T(r, t)], (17) 
% ~ 2 (1 - -v )  

where 

2; 
~" (r, t) = 7 T q), t) pd~), 

0 

In t r a n s f o r m s  , the t e m p e r a t u r e  dis t r ibut ion in the f i r s t  approximat ion  for  boundary conditions of the 
third kind a re  defined by the fo rmula  

where 

A (Bi) --= 6 (BP 4- 4Bi) (19) 
Bi 2 + 6Bi + 12 

By changing to the inverse  t r a n s f o r m  domain,  we obtain the t empe ra tu r e  dis tr ibut ion in a cyl inder  for  any 
law of ambient  t e m p e r a t u r e  var ia t ion  (fl(t). Specif ical ly,  for  g0(t) = Tc = const ,  the re la t ive  t e m p e r a t u r e  is 
desc r ibed  by the formula  

0 (--~ F~ Bi) - T(r' Tr O I--0"25A(Bi)exp[--A(Bi)F~ gi+2Bi ( ~ ) 2 ] .  (20) 

Let  us de te rmine  ~" (R, t), T (r, t), T (r, t) f r om fo rmula  (20), and substi tute the values  obtained into 
(16), (17). Then,  

(Yr-- A(Bi) I--A Bi Fol 
E% (T~-- To) 16 

Ea T (Tr - -  To) 16 

91 



T A B L E  1. V a l u e s  of #[ 

k =  R-3-2 
R ,  

[ Bi 

0,5 1 3 5 7 10 

according to [7] 1,7056 3,2761 8,4797 12,3693 --  - -  

i from (28) 1,7065 a2800 8,4798 12,3694 15,3613 18,7200 

~ according to [7] 0,7259 1,3710 3,1577 4 ,2477  4,9729 5,6836 

fi 
~ from (28) 0,7380 1,3712 3,1610 4,2510 4,9750 _5,6905 

F o r  0.06 <- Fo  -< 0.1, e x p r e s s i o n s  (21), (22) y i e l d  r e s u l t s  which  de v i a t e  f r o m  the e x a c t  so lu t i on  by not  m o r e  
than  8-10%, whi le  f o r  Fo  -> 0.1 the  r e s u l t s a r e a l m o s t i d e n t i c a l  wi th  the e x a c t  s o l u t i o n s .  

It is  n o t e w o r t h y  that  the funct ion  A (Bi) de f ined  by f o r m u l a  (19) a p p r o x i m a t e s  s a t i s f a c t o r i l y  the s q u a r e  
of  the f i r s t  ( s m a l l e s t )  r o o t  of the  equa t ion  

Jo (~) 
Jl (1~) Bi 

S t r e s s e s  in the T u b e s  (Hollow C y l i n d e r s ) .  F o r  a t h e r m a l l y  i n s u l a t e d  ou t s ide  s u r f a c e ,  qh(t) = 0, and 
a t e m p e r a t u r e  of the m e d i u m  ins ide  the tube v a r y i n g  a c c o r d i n g  to the law 

% (t)  = T O - -  A T t  + A T  ( t  - -  x)  H ( t  - -  x)  = To  - -  Pd* (Fo - -  For) H (Fo - -  Fo~) (23) 

the t e m p e r a t u r e  d i s t r i b u t i o n  o v e r  the wa l l  t h i c k n e s s  can  be r e d u c e d  to the f o r m  

T (r, Fo, Bi, Fo~) ----- To - -  Pd*Fo + Pd* (Fo - -  Fo~) H (Fo - -  Fo~) 

+ Pd* D (Si, k) { [1 - -  exp ( - -  A (Bi, k) Fo)] 

( , i24/ 
w h e r e  

D (Bi, k) = B! (5k + 3) -]- 12 (k 4- 1). 
4 [Bi (k +3)  + 12] (25) 

10Bi [Bi (k +3)  + 12] 
A (Bi, k) -~ 

Bi -~ (1 lk + 5) + 10Bi (5k +3)  + 60 (k + I) " 

In t h e s e  e x p r e s s i o n s  k = R2/R1;  H(Fo  - Fo~-) is  the H e a v i s i d e  funct ion  (H(Fo - Fo~-) = 0 fo r  Fo < FOT, H(Fo  
-- Fo~-) = 1 fo r  Fo  -> FOT); [ = (r -- R1) /LR;  P d * =  AT(AR)2/a ;  FoT = a~'/(AR)2; AR = R 2 - R  1. The  t e m p e r a -  
tu re  d r o p s  l i n e a r l y  du r ing  a t ime  T, and then r e m a i n s  c o n s t a n t  and equa l  to T o + ATT. 

The t angen t i a l  s t r e s s  a t  the ou t s ide  s u r f a c e  of the tube is  

a~ (Ri) = % (Rt) (1- -  v) = D (Bi, k) (5k +3)  

E a  T Pd* 6 (k + I) 

x { [ 1 ,  exp ( - -  A Fo)] - -  H (Fo - -  Foe) [ 1--  exp ( - -  A (Fo - -  Fo0)] }. (26) 

F i g u r e  3 shows  c h a n g e s  in the r e l a t i v e  t e m p e r a t u r e  0 = ( T - T 0 ) / P d *  and the s t r e s s e s  ~ (R1) at  the ins ide  
s u r f a c e  of  the tube for  FOT = 0.5, Bi  = 0.4, 2, 10, 0% and k = 2. 

So lu t ion  of the b o u n d a r y - v a l u e  p r o b l e m  for  n o n s t a t i o n a r y  hea t  conduc t ion  in a ho l low c y l i n d e r  fo r  
m i x e d  b o u n d a r y  cond i t ions  of the s e c o n d  and th i rd  k ind  with  the a id  of G r i n b e r g - K o s h l a k o v ' s  i n t e g r a l  t r a n s -  
f o r m s  l e a d s  to the so lu t i on  of  the S t u r m - L i o u v i l l e  p r o b l e m ,  the e i g e n v a l u e s  of which  a r e  d e t e r m i n e d  f r o m  
the s o l u t i o n  of  the t r a n s c e n d e n t a l  equa t ion  

Vo ( ~ )  _ I~ , (27) 
Vi (~n) Bi 
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w h e r e  
V o (~t~) = Yi (bt~ k) Jo (bt~) - -  Ji (b%k) Yo (lxn), 

V~ (btn)= Y~ (It~k) d~ (~)  - -  ./~ (~t~k) Y~ (t~)- 

The method  p r o p o s e d  in this p a p e r  for  ca lcu la t ing  nons t a t i ona ry  heat  conduct ion  impl ies  that e x p r e s s i o n  
A (Bi, k) m u s t  yie ld  the funct ional  dependence  of the square  of  the f i r s t  roo t  of Eq. (27 on the Bi n u m -  
b e r  and the p a r a m e t e r  k .  We r e f e r  the Bi  n u m b e r  and Fo to the inside rad ius  Bi = aR1/X, Fo = at/R~. The 
e x p r e s s i o n  A (Bi, k) r e d u c e s  then to the f o r m  

10Bi (k --1) -~ [Bi (k --1) (k + 3 ) +  121 (28) 
A* (Bi, k) = Bi 2 (k --1) 2 (1 lk +5) + 10Bi (k - -  1) (5k + 3) +riO (k+ 1) ' 

Values  of Pl ca lcu la ted  to the th i rd  dec ima l  digit for  Bi = 0.5, 1.3, 10, and k = 1.25, 1.50 a r e  g iven in [7]. 
A s s u m i n g  them to be exac t ,  we c o m p a r e  our  ca lcu la t ions  f r o m  f o r m u l a  (28). The r e su l t s  of the c a l c u l a -  
t ions  and of the c o m p a r i s o n  with the exac t  va lues  a re  compi led  in TabIe  1. The r e su l t s  a re  in s a t i s f a c t o r y  
a g r e e m e n t .  

In o r d e r  to d e t e r m i n e  the second  roo t  P2, one m u s t  obtain a solut ion in the second  approx ima t ion .  We 
obtain  then,  at  the s a m e  t ime ,  an i m p r o v e d  f o r m u l a  for/z~.  Our ca lcu la t ions  showed that ,  in the second  a p -  
p rox ima t ion ,  the value of/~1 c o n f o r m s  with the exac t  value within an a c c u r a c y  to the th i rd  dec ima l  digi t .  

F o r  a t e m p e r a t u r e  drop  of  the m e d i u m  a c c o r d i n g  to the power  law (6) and of the t h e r m a l  insu la t ion  
of the outs ide s u r f a c e ,  the tangent ia l  s t r e s s  at the inside su r f ace  of the tube r educes  to the f o r m  

~_ g~(1--~) Ao(Bi, k) P d ( 5 k + 3 )  
%EAT -- 6[A(Bi, k ) - -Pd l  ( k + l )  { exp( - -PdFo) - -exp[ - -A(Bi ,  k)Fo]}: (29) 

The m a x i m u m  s t r e s s  is obtained f r o m  f o r m u l a  

whe r e 

A(Bi,k) 

- A0 (Bi, k) Pd (5k +3) [A'(Bi, k)] d(B~.k)--Pd 
~max'= 6 (k + 1) I_ Pd J ' (30) 

Ao (Bi, k) = 
5Bi [Bi (3k +5)  + 12 (k + 1)1 

2 [BP (5k + 11) + 10Bi (3k +5)  +60(k + 1)1 

The t ime to ~ m a x  is d e t e r m i n e d  f r o m  f o r m u l a  (10), p rov ided  A(Bi,  k) is subs t i tu ted  for  D(Bi). 

F igu re  4 shows the changes  in ~ m a x  ca lcu la ted  f r o m  f o r m u l a  (30) for  Bi = 4, k = ! ,  1.5, 2 with changes  
in the Pd  n u m b e r  f r o m  0 to 20. F r o m  the solut ion of (26)-(30) fo r  k ~ 1, we obtain the c o r r e s p o n d i n g  f o r -  
mu la s  fo r  a p la te .  

F ina l ly ,  it should be noted that  the s t r e s s e s  at  the contac t  su r f ace  with the fluid fo r  ex te rna l  flow 
and t he rma l  insula t ion of the inside wall  of the tube can be s tudied with the aid of f o r m u l a s  (26)-(30), p r o -  
v ided in these  solut ions  1 / k  is subs t i tu ted  for  k.  The dashed  l ines  in Fig .  4 c o r r e s p o n d  to 7 m s  x ca lcu la ted  
for  ex te rna l  con tac t  between the tube Oa = 2) and the fluid and fo r  a sol id  cy l inde r  (k = % R 1 ~ 0, R 2 < ~) .  

Thus ,  the app rox ima te  method  of ca lcu la t ing  t h e r m o e l a s t i c  s t r e s s e s ,  based  on the use of in tegra l  
t r a n s f o r m s  and va r i a t iona l  me thods  of de t e rmin ing  the t e m p e r a t u r e  field inside the body under  c o n s i d e r a -  
t ion,  y ie lds  highly s a t i s f a c t o r y  r e s u l t s  and at the s a m e  t ime app rec i ab ly  r e d u c e s  the computa t iona l  l abo r .  

ff 

T 

T* 

P 
E 

P 

c~ T 

N O T A T I O N  

is the s t r e s s ;  
is the t e m p e r a t u r e  of  the body; 
is the m e a n  t e m p e r a t u r e ;  
is the r e p r e s e n t a t i o n  of the t e m p e r a t u r e  in Lap lace  t r a n s f o r m s ;  
is the Lap lace  t r a n s f o r m  p a r a m e t e r ;  
is the modulus  of e l a s t i c i t y ;  
is the P o i s s o n  ra t io ;  
is the l i nea r  expans ion  coef f ic ien t ;  

Bi  = hR = ceR/X, Fo = a t / R  2, P d =  m R 2 / a  o r  P d =  r is P r e d v o d i t e l e v ' s  number ;  
H(t - v) is the unit Heavis ide  funct ion;  
FOT = a T/I:{2; 
r is the t ime of l i n e a r  r i s e  (drop) in the t e m p e r a t u r e  of the m e d i u m .  
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